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Abstract. The aim of this paper is to establish a new Coupled Fixed Point Theorems
for C∗-algebra valued b-metric spaces. As an application of our result, we discuss the
existence and uniqueness results for Couple Fixed Point Theorem in C∗-algebra valued
b-metric spaces. We also give conclusion to demonstrate our result.

Keywords: fixed point theory, C∗-algebras, b- metric spaces.

1. Introduction

In Blackadar’s book [1], he gave many important results and properties of the
theory of C∗-algebras and Von Neumann Algebras. Huang and Zhang [7] in-
troduced the concept of cone metric space which generalized the concept of the
real valued metric space, replacing the set of real numbers by an ordered Banach
space and obtained some fixed point theorems for mappings satisfying different
contractive conditions.Ma and co-authors obtained important results for fixed
point theorems on both C∗-algebra valued metric space and C∗-algebra valued b-
metric space in [9],[10] respectively.In [12] and [13], we considered C∗- algebras
valued metric spaces and proved certain fixed-point theorem for a single valued
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mapping in such spaces. In [3], authors introduced the theory of common fixed
point theorems on metric spaces.

Subsequently, some other authors studied the existence of fixed points of
self mappings satisfying a contractive type condition. The author and et al
introduced in [17] the notation of the Quaternion valued metric spaces as well
as contraction mapping.For getting more information about the general theory,
you can look valuable books [4], [11], [14] and [15] as well as significant papers
[16],[8],[2],[5] and [6].

Here, we introduce a new coupled fixed point theorems for C∗-algebra b-
metric spaces with some examples.

2. Preliminaries

Basic notions and facts which play a central role in the present paper for C∗-
algebra valued b-metric space will be given in this section.

2.1 C∗-algebra and positive cone

Definition 2.1. A C∗-algebra A is a complex Banach algebra with a conjugate-
linear involution ∗ : A −→ A, such that

(x∗)∗ = x, (xy)∗ = y∗x∗, , (x+ y)∗ = x∗ + y∗ , ∥x∗x∥ = ∥x∥2,

for all x, y in A. The C∗-condition ∥x∗x∥ = ∥x∥2 implies that the involution is
an isometry in the sense that ∥x∗∥ = ∥x∥ for all x in A.

A C∗-algebra is called unital if it possesses a unit. It follows easily that
∥1∥ = 1. In general C∗-algebra is non-commutative. We assume the unital
C∗-algebras in our work.

Definition 2.2. A *-homomorphism φ : A −→ B between two C∗-algebras is a
homomorphism such that φ(x∗) = φ(x)∗ for all x ∈ A. If A and B are unital,
then φ is called unital if φ(1A) = 1B. An isomorphism between two C∗-algebras
is a bijective *-homomorphism.

It is an important basic fact that every ∗-homomorphism between C∗-algebras
is continuous. If two C∗-algebras are isomorphic, then they are automatically
isometric.

Example 2.3. Let H be an arbitrary Hilbert space. We denote by B(H) the
algebra of all bounded operators on H. B(H) with the operator norm ∥x∥ =
sup{∥xξ∥, ξ ∈ H, ∥ξ∥ = 1} for each x ∈ B(H) and the involution given by the
map which assigns x ∈ B(H) its adjoint is a C∗-algebra.

Sub-C∗-algebra of a C∗-algebra A is a subalgebra of A which is a C∗-algebra
with respect to the operations given on A. Let S be a subset of a C∗-algebra
A. Then the sub-C∗-algebra generated by S, denoted by C∗(S), is the smallest
sub-C∗-algebra of A that contains S.
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The following fundamental results were proved by Gelfand, Naimark and
Segal [?]:

Every commutative C∗-algebra is isomorphic to C0(X) for some locally com-
pact space X. Furthermore, every C∗-algebra is isomorphic to a sub-algebra of
B(H) for some Hilbert space H.

2.2 Positivity in C∗-algebra

Definition 2.4. A self adjoint element in C∗-algebra is called positive if σ(a) ∈
R+. If a is positive, we write a ≥ 0 and positive cone A+ is represented by
A+ = {a ∈ A, a ≥ 0}.

Lemma 2.5. Suppose that A is a C∗-algebra:

(a) If a ∈ A is normal, then a∗a ≥ 0;

(b) If a ∈ A is self-adjoint and ∥a∥ ≤ 1, then a ≥ 0;

(c) If a, b ∈ A+ then a+ b ∈ A+;

(d) A+ is closed in A;

(e) If b, c ∈ A′
+, then b ≤ c implies that a∗ba ≤ a∗ca;

(f) If bn ⊂ A and limn→∞ bn = 0A, then limn→∞ a∗bna = 0A for any a ∈ A.

For a given a, b ∈ A+, we denote a ≤ b if a− b ≥ 0, A+ becomes a partially
ordered vector space. Furthermore in a unital C∗-algebra, for all a, b ∈ A,
0 ≤ a ≤ b implies that ∥a∥ ≤ ∥b∥, so the positive cone in a C∗-algebra is
automatically normal.

Lemma 2.6. Suppose that A is unital C∗-algebra with a unit I:

(1) If a ∈ A with ∥a∥ ≤ 1
2 then I − a is invertible and ∥a(I − a)−1∥ < 1;

(2) Suppose that a, b ∈ A with a, b ≥ θ and ab = ba, then ab ≥ θ.

2.3 C∗-algebras valued b-metric space

C∗-algebras valued b-metric space introduced by [?] and studied self mapping
fixed point theorem, here we will introduce some other examples and the relation
between C∗-algebras valued b-metric space and Fixed Point Theory. Moreover,
we will introduce the common fixed point theory in this setting.

Definition 2.7. Let X be a non-empty set and A is a C∗-algebra, A+ be its
positive cone. A C∗-algebra valued b-metric space has a function d : X ×X −→
A+ defined on X such that for any x, y, z ∈ X and a ∈ A′

+:
(i) d(x, y) = 0 ⇔ x = y;
(ii) d(x, y) = d(y, x);
(iii) d(x, y) ≤ a(d(x, y) + d(y, z)).

From the the definition its automatically that d(x, y) ≥ 0, d(x, x) ≥ 0.
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Definition 2.8. Let (X,A, d) be a C∗-algebra valued b-metric space and xn ⊂ X
is a sequence in X. If x ∈ X and ε > 0 there is N such that for all n > N ,
∥d(xn, x)∥ ≤ ε then (xn) is called a convergent sequence in X to x and denote
it by limn→∞ xn = x

Moreover, if for any ε > 0 there isN such that for all n,m > N, ∥d(xn, xm)∥ ≤
ε then (xn) is called a cauchy sequence in X.

Definition 2.9. The tripled (X,A, d) is a complete C∗-algebra valued b-metric
space if every cauchy sequence is convergent.

Definition 2.10. Let (X,A, d) be a C∗-algebra valued b-metric space. The
mapping T : X −→ X, is called contractive mapping on x if there is an a ∈ A
such that ∥a∥ < 1 and satisfy

d(T (x), T (y)) ≤ a∗d(x, y)a

for x, y ∈ X.

Example 2.11. Let X = [−1, 1] and A = M2×2(R) with ∥A∥ = max(|a1|, |a2|,
|a3|, |a4|) where a′is are the entries of the matrice A ∈ M2×2(R). Then (X,A, d)
is a C∗-algebra valued b-metric space, where

d(x, y) =

(
|x− y|p 0

0 |x− y|p
)

for p > 0 and

|x− z|p ≤ 2pI(|x− y|p + |y − z|p)

as well as partial ordering on A is given as(
a1 a2
a3 a4

)
≥

(
b1 b2
b3 b4

)
⇔ ai ≥ bi

for i = 1, 2, 3, 4.

So the condition (3) is in the form satisfies

d(x, y) ≤ 2pI(

(
|x− z|p 0

0 |x− z|p
)
+

(
|z − y|p 0

0 |z − y|p
)
),

where I =

(
1 0
0 1

)
.
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3. Main theorem and results

Theorem 3.1. Let (X,A, d) be a complete C∗-algebra valued b-metric space.We
suppose that the mapping T : X ×X −→ X satisfies

d(T (x, y), T (u, v)) ≤ a[Ad(x, u)A∗ +Bd(y, v)B∗],(1)

for x, y, u, v ∈ X and A,B ∈ A, such that ∥A∥ ≤ 1
2 and ∥B∥ ≤ 1

2 . Then T has
a unique coupled fixed point.

Proof. Choose x0, y0 ∈ X such that

x1 = T (x0, y0), y1 = T (y0, x0)(2)

x2 = T (x1, y1), y1 = T (y1, x1)(3)

.(4)

.(5)

.(6)

xm = T (xm−1, ym−1), y1 = T (ym−1, xm−1)(7)

xm+1 = T (xm, ym), y1 = T (ym, xm)(8)

From (1) and (2) we have

d(xn+1, xn) = d(T (xn, yn), T (xn−1, yn−1) ≤ a(Ad(xn, xn−1)A
∗+Bd(yn, yn−1)B

∗)

and similarly

d(yn+1, yn) = d(T (yn, xn), T (yn−1, xn−1) ≤ a(Ad(yn, yn−1)A
∗+Bd(xn, xn−1)B

∗).

So, we get

dnn ≤ a(Ad(xn, xn−1)A
∗ +Bd(yn, yn−1)B

∗ +Ad(yn, yn−1)A
∗ +Bd(xn, xn−1)B

∗)

= a(A+B)d(xn, xn−1)(A
∗ +B∗) + a(A+B)d(yn, yn−1)(A

∗ +B∗)

= a(A+B)[d(xn, xn−1) + d(yn, yn−1)](A
∗ +B∗)

= a(A+B)d(n−1)(n−1)(A
∗ +B∗)

by taking dnn = d(xn+1, xn) + d(yn+1, yn) for all n ≥ 0.

In general, we have

dnn ≤ a(A+B)d(n−1)(n−1)(A
∗ +B∗)

≤ a2(A+B)2d(n−2)(n−2)(A
∗ +B∗)2

...

≤ an(A+B)nd00(A
∗ +B∗)n
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where d00 = d(x1, x0) + d(y1, y0) = C. Put P = (A+B) and P ∗ = (A+B)∗, so
we obtain

dnn ≤ anPnC(P ∗)n = anPnC
1
2C

1
2 (P ∗)n

= an(PnC
1
2 )(C

1
2 (P ∗)n) = an(PnC

1
2 )(PnC

1
2 )∗.

Since C positive element in A, so C∗ = C and (C
1
2 )∗ = C

1
2 hold.

For n+ 1 > m we get

dnm = d(xn+1, xm) + d(yn+1, ym)

≤ an(PnC
1
2 )(PnC

1
2 )∗ + an−1(Pn−1C

1
2 )(Pn−1C

1
2 )∗

+ ...+ am(PmC
1
2 )(PmC

1
2 )∗

=
n∑

k=m

ak(P kC
1
2 )(P kC

1
2 )∗

=
n∑

k=m

|(P ka
k
2C

1
2 )|2.

So, we obtain

∥dnm∥ ≤ ∥
n∑

k=m

|(P ka
k
2C

1
2 )|2∥

≤
n∑

k=m

∥P k∥2∥akC
1
2 ∥

2
I

= ∥C
1
2 ∥

2
n∑

k=m

∥P k∥2∥a∥
k
2

≤ ∥C
1
2 ∥

2
n∑

k=m

∥Pa
1
4 ∥

2k
I, (∥P 2∥ ≤ ∥P∥2.

Put Pa
1
4 = Q, then

∥dnm∥ ≤ ∥C
1
2 ∥

2 ∥Q∥2m

1− ∥Q∥
I.

So, we have

∥d(xn+1, xm) + d(yn+1, ym)∥ ≤ ∥C
1
2 ∥

2 ∥Q∥2m

1− ∥Q∥
I

and

lim
m→∞

∥C
1
2 ∥

2 ∥Q∥2m

1− ∥Q∥
I = 0A.
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Therefore, (xn) and (yn) are cauchy sequences in X with respect to A. So, there
exist x, y ∈ X such that

lim
n→∞

xn = x, lim
n→∞

yn = y

since (X,A, d) is a completed. By using inequalities (1), we get

0 ≤ d(T (x, y), x) ≤ a(d(T (x, y), xn+1) + d(xn+1, x))

= a(d(T (x, y), T (xn, yn)) + d(xn+1, x))

≤ a(Ad(x, xn)A
∗ +Bd(y, yn)B

∗ + d(xn+1, x)).

We obtain

lim
n→∞

d(xn, x) = 0, lim
n→∞

d(yn, y) = 0, lim
n→∞

d(xn+1, x) = 0.

Thus,
lim
n→∞

T (x, y) = x, lim
n→∞

T (y, x) = y

in a similar way. So, (x, y) is coupled fixed point.
Now, we assume that (x′, y′) is another coupled fixed point of T then we

obtain some of equalities as follows:

d(x′, x) = d(T (x′, y′), T (x, y)) ≤ a(Ad(x′, x)A∗ +Bd(y′, y)B∗)

d(y′, y) ≤ a(Ad(y′, y)A∗ +Bd(x′, x)B∗).

So,we get

d(x′, x)+d(y′, y) = a(A+B)[d(x′, x)+d(y′, y)](A∗+B∗) = aP [d(x′, x)+d(y′, y)]P ∗.

Hence,we obtain following equality by using ∥P ∗∥ ≤ ∥P∥ since P ∈ A

∥d(x′, x) + d(y′, y)∥ ≤ a∥P∥∥d(x′, x) + d(y′, y)∥∥P ∗∥ ≤ ∥d(x′, x) + d(y′, y)∥.

This is a contradiction, so we get

d(x′, x) + d(y′, y) = 0A.

Moreover, we obtain
d(x′, x) = 0A, d(y

′, y) = 0A

since d(x′, x) and d(y′, y) are positive elements. So, we can easily seee that
x′ = x and y′ = y satisfy. Therefore, T has a unique coupled fixed point.

Corollary 3.2. if we choose a = I in the Theorem 3.1, then T has a Unique
Coupled Fixed Point in the C∗-algebra valued metric space.

Corollary 3.3. Let (X,A, d) be a complete C∗-algebra valued b- metric space.We
suppose that the mapping T : X ×X −→ X satisfies

d(T (x, y), T (u, v)) ≤ A[d(x, u) + d(y, v)]A∗,

for x, y, u, v ∈ X and A ∈ A, where ∥A∥ ≤ 1
2 . Then T has a unique coupled

fixed point.
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